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^ ■ Annotation. 

q \ In the paper we are studying some properties of subsets Q of sums of dissociated sets. The exact 

D ■ upper bound for the number of solutions of the following equation 

o 

; qi H \-q P = q P +i H 1- q2 P , % e Q (i) 



in groups F?> is found. Using our approach, we easily prove a recent result of J. Bourgain on sets of 
large exponential sums and obtain a tiny improvement of his theorem. Besides an inverse problem is 
considered in the article. Let Q be a set belonging a sumset of two dissociated sets such that equation 
(1) has many solutions. We prove that in the case the large proportion of Q is highly structured. 



> 

', 1. Introduction. 

O 

Let G = (G, +) be a finite Abelian group with additive group operation +. Suppose that 
A is a subset of G. It is very convenient to write A(x) for such a function. Thus A(x) = 1 
if x G A and A(x) = otherwise. By G denote the Pontryagin dual of G, in other words 
the space of homomorphisms £ from G to R/Z, £ : x — > £ • x. It is well known that G is an 
additive group which is isomorphic to G. Also denote by iV the cardinality of G. Let / be a 
function from G to C, N — \G\. By /(£) denote the Fourier transformation of / 

/(£) = £/(*) e H;-*)> (2) 

where e(x) = e 2mx and (gG. 

Let 5, a be real numbers, < a < 5 < 1 and let A be a subset of Z^v of cardinality 5N. 
Consider the set 1Z a of large exponential sums of the set A 

K a = K a (A) = {r eG : \A(r)\ > aN } . (3) 

In many problems of combinatorial number theory is important to know the structure of the 
set lZ a (see [1]). In other words what kind of properties 1Z a has? Clearly, that this question 
is an inverse problem of additive number theory (see [2, 24]). 
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The first non-trivial result in the direction was obtained by M.-C. Chang [6] in 2002. 
Recall that a set V = {d\, . . . , d\x>\} Q G is called dissociated if any equality of the form 

\v\ 

^e i d i = 0, (4) 
i=i 

where £,€{—1,0,1} implies that all £j are equal to zero. 

Let log stand for the logarithm to to base 2. Let p be a positive integer. By [p] denote the 
segment of natural numbers {1, . . . ,p}. 

Theorem 1.1 (Chang) Let 5, a be real numbers, 0<a<5<l, Abea subset of G, 
\A\ = 5N, and the set lZ a is defined by (3). Then any dissociated set A, A C TZ a has the 
cardinality at most 2(5 /a) 2 log(l/5). 

A simple consequence of Parseval's identity gives |A| < 5 /a 2 . Hence Chang's Theorem is 
nontrivial if 5 is small. 

Using approach of paper [5] (see also [4]) Chang applied her result to prove the famous 
Freiman's Theorem [3] on sets with small doubling. Another applications of Theorem 1.1 
were obtained by B. Green in paper [7] by B. Green and I. Ruzsa in [9], T. Sanders (see e.g. 
[12, 13, 14]), and also T. Schoen in [23]. If the parameter a is close to 5 then the structural 
properties of the set lZ a were studied in papers [17, 18, 19] (see also survey [20]). 

By A\ 4- A 2 + • • • + Ad denotes the set of sums of different elements of the sets Ai, . . . , A^. 
If all Ai are equal to A then we shall write dA. 

In paper [26] J. Bourgain used sumsets of a dissociated set A and obtained an extension 
of Chang's theorem. He used the extension in proving of his beautiful result on density of 
subsets of [N] without arithmetic progressions of length three. Further applications on the 
Theorem below were obtained in [15]. 

Theorem 1.2 (Bourgain) Let d be a positive integer, 5, a be real numbers, < a < 8 < 1, 
A be a subset of G, \A\ = 5N, and the set TZ a is defined by (3). Suppose that A is a dissociated 
set. Then for any d> 1, we have \dAf]TZ a \ < 8(5 /a) 2 log d (l/5). 

In articles [28, 29, 30] another results on sets of large exponential sums were obtained. In 
particular, the following theorem was proved in these papers. 

Theorem 1.3 Let 5, a be real numbers, 0<a<5,Abea subset ofZ N , \A\ = 5N, and 
k > 2 be a positive integer. Let also B C 1Z a \ {0} be an arbitrary set. Then the number 

T k (B):=\{(r 1 ,..., rk , r [,...,r{)eB 2k : n + • • • + r k = r[ + ■ ■ ■ + r' k }| (5) 

is at least 

bn 2k 

\B\ 2k - (6) 



2 4k S 2k 

In article [29] was showed that Theorem 1.3 and an inequality of W. Rudin [21, 22] on 
dissociated sets imply M.-C. Chang's theorem. Similarly in the paper we show that an 
appropriate analog of Rudin's result and Theorem 1.3 gives us Theorem 1.2 in F2 (see section 
2). Our approach is an elementary and does not require sufficiently difficult hypercontractivity 
technic from [26]. We show that for any Q C dA, where A is a dissociated, the value T k (Q) 
does not exceed C dk k dk \Q\ k . Here C > is an absolute constant. Applying this result to the 
set dAf)1Z a and using Theorem 1.3, we get Theorem 1.2. Actually a tiny improvement of the 
last result was obtained (see Theorem 2.9). 
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In section 4 an inverse problem is considered. Let Q be a subset of 2A, where A is an 
arbitrary dissociated set. Suppose that the value T k (Q) is large in the sence that T k {Q) ^> 
C dk k dk \Q\ k . What can we say about the structure of Q7 We show that in the case the set 
Q contains a sumset of two dissociated sets (see Theorem 4.9). In some sence we give a full 
description of large subsets of 2A with large value of T k . 

The obtained results are formulated in groups F£ but they can be extended to any Abelian 
group (see discussion of using F™, p is a prime, in [11]). In our forthcoming papers we are 
going to obtain these extensions. 

I acknowledge the Institute for Advanced Study for its hospitality and providing me with 
excellent working conditions. Also the author is grateful to Professor N.G. Moshchevitin and 
Professor S.V. Konygin for attention to this work and useful discussions. 

2. An elementary proof of a result of Bourgain. 

Denote by G the group F^. Let A C G be a set, and k > 2 be a positive integer. By T k (A) 
denote the number 

T k (A) :— \ {a± H h a k = a[ H h a! k : a 1: . . . , a k , a[, . . . , a' k e A}\ . 

If Ai, . . . , A 2k C G are any sets, then denote by T k (Ai, . . . , A 2k ) the following number 

T k (A u . . . , A 2k ) : = |{ai H Va k = a k+l ^ h a 2k : e A h i = 1, . . . , 2k}\ . 

We shall write J2 X instead of XLeG ^ or simplicity. 

Using the notion of convolution, we can calculate T k (A). 

Definition 2.1 Let /, g : G — > C be any functions. Denote by (/ * g)(x) the function 

(f*g)(x) = J2f(s)g(x-s). (7) 

s 

Clearly, (/ * g)(x) = (g * f)(x), x G G. Further, using induction, we get the operation * k , 
where k is a positive integer. So * k := *(* k -i)- 

If A,B C G are arbitrary sets, then (A * B){x) ^ iff x e A + B. Hence T 2 (A) = 
J2 x (A * A)\x). Let / : G - C be a function. By T fc (/) denote T fc (/) = £J(/ * fe _! /)(x)| 2 . 

Lemma 2.2 Let s,t be positive integers, s > 2, t > 2, and let f±, . . . , f s , gi, . . . , g t : G — > R 
6e functions. Then 

* • • • * • (0i * • • • * #t)(z) < 

a; 

< (T s (/i)) 1/2s . . . (T s (f s )) 1//2s (T t (^i ) ) . . . (T t (^)) 1/2t • (8) 
Proof. Since (/ * g)(r) = f(r)g(r), it follows that 

& ■■= J2(h*---* fs){x) ■ (01 *•••*&) 0*0 = ^5^/i(^)---/ s w?iW---?t(^)- 

x r 

Using Holder's inequality several times, we obtain 



r / \ r 
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N ^— ' 71 / V iV 

r / \ 

= (T s (/0) 1/2s . . . (T.tt,)) 1 / 2 " (T t (^)) 1/2 * • • • (T t (^)) 1/2t . 

This completes the proof. 

Corollary 2.3 Let A, B be finite subsets ofG. Then 

Tl /2k {A UB)< Tl ,2k {A) + Tl ,2k {B) . (9) 
We need in the notion of dissociativity in F%. 

Definition 2.4 Let R C F£ be a set, i? = —R and {0} G -R. We say that a set A = 
{Ai, . . . , A|a|} C F£ belongs to the family A R (k) if the equality 

|A| 

^EiXiER, (10) 
i=i 

where £j G {—1, 0, 1} and X)i=i ^ ^ implies that all £j are equal to zero. If R = {0} then 
A belongs to the family A(k). 

Proposition 2.5 Let k be a positive integer, k > 2, and A C F2 be an arbitrary set, 
belonging to the family A(2k). Then for any integer p, 2 < p < k, we have 

T p (A)<f\A\r (11) 

Proof. Let m = \A\. Consider the equation 

Ai + --- + A 2p = 0, A,GA, i = l,...,2p. (12) 

Let us consider any partitions Ai = {Mi, . . . , M p } of the segment [2p] onto sets Mj, \Mj\ = 2, 
j = 1, . . . ,p. It is easy to see that the number of such partitions equals < — pp^ 
Further, let us mark any set Mj by an element \^ of the set A. Then the number of these 
labelled partitions does not exceed p p m p . By assumption the set A belongs to the family 
A(2k). Hence if (Ai, . . . , A 2p ) is an arbitrary solution of (12) then any Aj, i G [2p] appears even 
number of times in this solution. So a solution (Ai, . . . , A 2p ) of (12) corresponds a labelled 
partition M' = {(M 1; A* 1 )), . . . , (M p , A^)}. To see this let us construct a labelled partition 
M' = {(M!,AW),...,(M p ,A^)} such that for any Mj = {a,/3}, j = 1, . . . ,p, we have 
A» = \p = Clearly, if we have two different solutions of (12) then we get different 

labelled partitions. Hence the total number of solutions of (12) does not exceed p p m p . This 
completes the proof. 

Note 2.6 Rudin's Theorem (see [21, 22]) asserts that for any functions / : G — > C, supp / C 
A, A is a dissociated set, we have ||/||jt < Cv^H/]^, where C > is an absolute constant and 
k > 2. In other words, for an arbitrary a\ the following holds 



N ^ 



X 



J^a A e(-A • x) 



AeA 



fc/2 



< G k k k/2 lJ2\ax\ 2 ) . (13) 



aeA 



Certainly, inequality (13) implies Proposition 2.5 : to see this one can put k = 2p and a\ = 1. 
On the other hand, we can use a slightly modified arguments from Proposition 2.5 to prove 
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(13). Indeed, to obtain inequality (13), we need to calculate the number of solutions of (12) 
such that any solutions has weight a Xl . . . a\ 2p By assumption the set A belongs to the family 
A(2/c). Hence if (Ai,...,A 2p ) is an arbitrary solution of (12) then any Aj, % G [2p] appears 
even number of times in this solution. It follows that if a partition Ai = {Mi, . . . , M p } of the 
segment [2p] onto the sets Mj, \Mj\ = 2, j = 1, ... ,p is fixed then we get weight (XaeA l a A| 2 ) P - 
We know that the number of such partitions M. does not exceed p v . Thus, we have proved (13) 
in the case k = 2p. Using standard methods (see e.g. [10], Lemma 19), we obtain inequality 
(13) for all k>2. 

Now we can prove an analog of Proposition 2.5 for subsets of sums of dissociated sets and 
obtain Theorem 2.9. 

Proposition 2.7 Let k, d be positive integers, k > 2, and A C F?? be an arbitrary set, 
A G A(2dk) such that |A| > Ad 2 . Let also Q be a subset of dA. Then for all integer p, 
2 < p < k, we have 

T P (Q) < 2 8dp p dp \Q\ p . (14) 

Proof. We use induction. If d = 1, then the bound for T P (Q) was obtained in Proposition 
2.5. Let d > 2, and let m = \Q\. Put c d := 8d, d>l. 

Let a = [\A\/2d]. By assumption |A| > Ad 2 . Hence \A\/a < Ad. Besides 

A| -cf\ "Yl A P\ \M(\ A \ ~ l ) ■ ■ ■ (\M ~ d + I) 



a-1 J \a J a(|A|-a)(|A|-a-l)...(|A|-a-d + 2) 

< Ad ■ e wE" *+ 2 £?=«?(«+*)) < 2 4 d . (15) 

Let E be any set. By E c denote A \ E. Using dissociativity of A and the definition of the 
operation +, we get 

Q(x)=d- 1 ( lA J~ i d ) 1 (Qfl( A o + ( rf - 1 ) A o)( ;r )- 

^ a ' A CA,|A |=a 



Using Holder's inequality, we obtain 

T P (Q) < d^i^-lY^i^T' 1 ^ T P (Q^(A + (d- l)Ag) 

^ ' ^ ' A„CA,|A |=a 

If we prove for any A C A the following inequality 

T P (Q f|(Ao + (d~ < 2 Cd - 1 V p |Q f)( A o + (d - 1)A c \p , 

then using (16) and (15), we obtain 

-2p /, . in 2p 



(16) 



(I A I rl\ ~ v /IAIN p 
I I j / I I j 2 c d - lPp pd m p < 2 ^-^PpP d m p = 2 CdP p pd m p 

and Proposition 2.7 is proved. 

Let Ai = A, A 2 = A \ A, and Q' C A x + (d - 1)A 2 . We have to prove that T P (Q') < 
2 Cd - lP p pd \Q'\ p . Let A be an element from Ai. Consider the sets 

D x = D(X) = { A' : A + A' G Q', X' G (d - 1)A 2 } , 
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Qx = Q(\) = {qeQ' : q = X + X' 2 + --- + X' d , Aj G A, i = 2, . . . , d } , 

Clearly, Q(A) = -D(A) + A. Let si be a number of nonempty sets D x . Let these sets are 
D Xl , . . . , D Xe . We shall write Dj instead of D Xj . Let also s 2 = |A 2 |. Obviously, Q C 
{Ai, . . . , AJ + (d - 1)A 2 
Consider the equation 

Qi H Hg p = g p +iH hg 2p , (17) 

where G Q', i = 1, . . . ,2p. Denote by o the number of solutions of (17). Since Q' C 
Ai + (d — 1)A 2 , it follows that for all q G Q', we have q = A + /i, where A G A 1; /i£ (d- 1)A 2 . 

Let ii,...,i 2p G [si] be arbitrary numbers. Denote by o^, i = (ii, i 2 , . . . , i 2p ) the set of 
solutions of equation (17) such that for all j G [2p], we have the restriction qj G D(X ij ), 
Aj. G Ai. By assumption the sets Ai and A 2 belong to the family A(2dk). Also L 1; L 2 have 
empty intersection. It follows that if qi, ■ ■ ■ , qi v is a solution of equation (17) such that this 
solution belongs the set a-?, then any component of vector % appears even number of times in 
the vector. We have 

^< E En- ( 18 ) 

M,M={M u ...,Mr}, [2p]=M 1 \J-\JM p i £M 

Summation in (18) is taken over families of sets M, M = {Mi, . . . , M p }, [2p] — M 1 \_\ ■ ■ ■ \_\ M p 
such that for all j = l,...,p, we have \Mj\ = 2. Let Mj = {af\a 2 ^}, j — 1, . . . ,p. By 

— * 

definition i G M. if for all j G \p], we have % y> = % o). 
Using Lemma 2.2 and induction, we get 

2p 

\ a ,\<2 c ^p d ^\[\D{\ i .)\ 1 '\ 

3=1 

Hence 

(7 <2 c -y (p - 1) EEIli^)i 1/2 - ( 19 ) 

Let m' = \Q'\, and let q be an arbitrary element of the set Q'. By assumption A 1 f > |A 2 = 
and A is a dissociated set, so it is easy to see that the sets Q(X) are disjoint. Hence 

£>(A)|= Y,\Q(\)\=m'. (20) 

AeAi AeAi 

For any A G A 1; we have \D X \ < m'. Let i > 1 be an arbitrary number. Using formula (20), 
we get 

E \d(\)\ x = E \®w\ x ^ wr 1 E = ( 21 ) 

AeAi AeAi AeAi 

The number of partitions Ai in inequality (19) does not exceed pP. Any component of vector 
i appears even number of times in the vector. Combining inequality (19) and bound (21), we 
obtain a < 2 Cd - 1 p dp (m') p . This completes the proof. 
In some sense the last proposition is best possible. 

Proposition 2.8 Let k, d be positive integers, and a set A C F 2 belongs to the family A(2d). 
Let also A 1 be an arbitrary subset of A, and Q = dAi C dA. Then for all k < |Ai|/(2d) and 
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for any2<p<k, we have T P {Q) > 2^ pd pP d \Q\P . 
Proof. Consider the equation 



qi H h q P = q P +i H h g 2p , (22) 

where e Q, % — 1, . . . , 2p. Let us prove that equation (22) has at least 2~ 3pd p pd \Q\ p solutions. 
Since q^ G Q, it follows that = X^=i \ * = 2p. Consider tuples (gi, . . . ,q p ) such 

that a// A^ for all are different. Clearly, there are exactly ('p^')(fjp of such tuples. For 
any tuple (q±, ■ ■ ■ ,q p ) there are at least solutions of equation (22). Indeed we have 

number of ways to partition the set {X^\ ■ ■ ■ , A^\ . . . , A[ p \ . . . , A^} = {Ai, . . . , X p d} onto p 
sets Mi, . . . , M p of the same cardinality. Put q^ = ^2j eM . Aj, i = p + 1, . . . , 2p, we get a 
tuple (q p +i, • • • , q2 P ) £ <5 P such that ?i + • • • + ? p = <Z p +i + • • • + (fep- By assumption A is 
a dissociated set, thus any collection of sets M 1; . . . , M p corresponds a tuple (q p +i, ■ ■ ■ , (fcp)- 
Hence T P (Q) > • §f . Since A e A(2d), it follows that |Q| = ( |A d l1 ). Using inequality 

2/cd < | Ax |, we get 

Wj - v ^ ; w w W 11 11 ' 

This completes the proof. 

At the end of the section we show that Theorem 1.3 (actually Theorem 5.1, see Appendix) 
and Proposition 2.7 imply Theorem 1.2 in the case G = F%. 

Theorem 2.9 Let 5, a be real numbers, < a < 5 < 1/4, d be a positive integer, d < 
log(l/<5)/4 7 A be an arbitrary subset ofF^ of the cardinality SN , and letlZ a as in (3). Suppose 
that a set A C F£ belongs to the family A(21og(l/5)). Then for all 1 < d < log(l/<5)/4 ; we 
have 

Proof. Let k = [\n(l/5)/d] > 2, Q = dAf]TZ a and m = \Q\. We need to prove that 
m < (S/a) 2 { 2l2lo f 1/S) ) d . Using Theorem 5.1, we get 

<)n 2k 

T k (Q) > -^m* . (24) 

On the other hand, by Proposition 2.7, we obtain T k (Q) < 2 8kd k kd m k . Combining the last 
inequality and (24), we get m < (5/a) 2 (- — l2|il/^l) d . This concludes the proof. 

So an upper bound for |dAp|72. a | was obtained in Theorem 2.9. The next simple proposi- 
tion gives us a lower estimate for the quantity. It is turn out this lower bound is close to the 
upper one. 

Proposition 2.10 Let 5 be a real number, 1/N < 5 < 1/16, and a = 2~ l2 5/^Jn, n > 32. 
Then there exist a set A C F^, SN < \A\ < 85N and a dissociated set A C TZ a (A) such that 
for all integers d > 1, we have 

Proof. Let e*i = (1,0, ... ,0), ... ,e n = (0, . . . , 0, 1) be the standard basis for F%. Let also 
k = [log 1/(45)], and H, H 1 - be subspaces spanned by vectors e±, . . . , e n -k and e n -k+i, . . . ,e n , 
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correspondingly. Let A C H be a set of x = (xi, . . . ,x n ) G H such that the number Xi — 1, 
i = 1, A; is at least {n-k)/2. Clearly, |A| > 2 n " fc " 2 > 5JV and |A| < \H\ < 2 n ~ k < 85N. 

Let H' be a space spanned by vectors of the length n — k, namely (1, 0, . . . , 0), . . . , (0, . . . , 0, 1). 
Let also n' = n—k, and let A' C H' be the restriction of A on H'. Let us find Fourier coefficients 
of A'. We have 

A'(r) =J2 A '( x )(- 1 ) <r ' X> = I^Tl^l " l^'fl^l = 2 |A'f|^°)| -\A'\, (26) 

X 

where H^ 0) = {x G H' : < r,x >= 0} and = {x G H' : < r,x >= 1}. Let Z > be a 
positive integer. Consider the sets 

Hi — {x — (xi, . . . , x n >) : j^Xi = 1 equals 1} . 

Let r EH\. Put (*) = for y > x. Using Stirling's formula and (26), we get 

2s — n'\ fn' 



\A'(r) 



n 

si \ s 



E 

s=\n'/2\ 



> 



--\n'/2\ 

( - , s ■ _ 

ri /V s / Vn 7 Vn 7 V™ 



V ('^U«>e-J r ^>2-«^>2-«. (27) 



It is easy to see that for any r £ H' and for all Ai -1 G i^ -1 , we have A(r + /r 1 ) = A'(r). Hence 
Hx + H 1 - C ft a (A), a = 2- 12 5/v^ and |^a(^)| > ^'2 fc > n/(16<5) > 2" 28 -(5/a 2 . Thus we have 
a lower bound for the cardinality of 7?. a (A), which is close to an upper bound — 5 /a 2 . Clearly, 
the set A' is invariant under all permutations. Using this fact one can prove (assuming some 
restrictions on parameters) that the following holds lZ a {A) = ({0} U Hi) + H ± . We do not 
need in the fact. 

Let A = {ei, . . . , e n } C TZ a (A), and A* = {e n -fe+i, • • • , e„}- Clearly, 
U l6Wl (^i + (d- 1)A*) C ^ Q (A) f|rfA. Hence 

This completes the proof. 

Aote Certainly, we can change the value of the parameter a in Proposition 2.10. For 
example one can consider sets H2 instead of Hi and choose the parameter a smaller than 
2- 12 5/^. 

3. On connected subsets of dA. 

Let G be an Abelian group, and A C G be an arbitrary finite set. In paper [31], so-called 
"connected" sets A were studied (see also article [8]). Let us give a definition from [31]. 

Definition 3.1 Let k > 2 be a positive integer, and 01,02 £ [0, 1] be real numbers, 0i < 02- 
Nonempty set A C G is called (0i, 02) -connected of degree k if there exists an absolute constant 
C G (0, 1] such that for any B C A, 0i\A\ < \B\ < 2 \A\ we have 

T k (B) > C 2k 0-^) 2k T k (A) . (28) 
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By ( k (A) denote the quantity ( k (A) := ^^rffi ■ In paper [31] (see also [16]) the following 
result was obtained. 

Theorem 3.2 Let Pi,p 2 £ (0, 1) be real numbers, Pi < p 2 . Then there exists a set A' C A 
such that 

1) A' is (Pi, p 2 ) -connected of degree k set such that (28) holds for any C < 1/32. 

2) \A'\ > m ■ 2 1 °w 1 2) /C) 1 °g( 1 ~fe) ; where K = 1 °g((i-^i)- 1 ) ( 1 _ 16(7). 

3) c fc (-4')>a-(.4). 

In the section we prove an analog of Theorem 3.2 for subsets of dissociated sets. 
Let A C be an arbitrary set from the family \(2dk), and A C dk. Denote by D k (A) 
the quantity 

DM) = log ( ^r) . (29) 



yk^A^y 

In other words T k (A) = 2 Dk ^k k \A\ k . Since for all sets A with sufficiently large cardinality, we 
have T k (A) > ('^)(A;!) 2 > e~ 2k k k \A\ k , it follows that the quantity D k (A) is at least -2Hoge. 
On the other hand, by Proposition 2.7, we get D k (A) < 8d log d + k(d — 1) log/c. 

Theorem 3.3 Let K > be a real number, k, d be positive integers, k, d > 2. Let A C 
be an arbitrary set, A G \(2dk), and Q be a subset of dA such that T k (Q) > ^ . Let also 
Pi,02 £ (0, 1) be real numbers, Pi < p 2 - Then there is a set Q' C Q such that 

1) Q' is a (Pi, p 2 ) -connected of degree k such that (28) holds for any C < 1/8. 

2) \Q'\ > \Q\ -2 *iog(i+/3i(i-40) i°g(i-/32)_ 

3) T fe (Q') > 

Proof. Let m = \Q\, and C < 1/8 be a real number. The proof of Theorem 3.3 is a sort of 
algorithm. If Q is (Pi, /^-connected of degree k and (28) is true with the constant C then 
there is nothing to prove. Suppose that Q is not (Pi, /^-connected of degree k set (with the 
constant C). Then there exists a set B C Q, Pi\Q\ < \B\ < P 2 \Q\ such that (28) does not 
hold. Note that \Q\ > 2. Let B = Q \ B and c B = \B\/\Q\. We have Pi < c B < P 2 - Using 
Corollary 2.3, we get 

T k (B)>T k (Q)(l-Cc B ) 2k . (30) 
Let b = \B\ and b = \B\ = m — b, D = D k (Q), D = D k (B). By inequality (30), we obtain 

log( -(l-Cc B ) 2 ) > 

m — b J 

> D + k\og((l + c B )(l - 2Cc B )) > D + k\og(l + Pi(l -AC)). (31) 
Besides, by the definition of (Pi, /^-connectedness of degree k, we have 

\B\>(l-P 2 )m = (l-p 2 )\Q\. (32) 

Thus if the set Q is not (Pi, /^-connected of degree k then there is a set B C Q such that 
(31), (32) hold. Put Qi = B and apply the arguments above to Q 1 . And so on. We get the 
sets Qq = Q, Qi, Q 2 , . . . , Q s . Clearly, for any Qi, we have D k (Qi) < 8rflog<i + k(d — 1) log A;. 
Using this and (31), we obtain that the total number of steps of our algorithm does not exceed 

~ '° g ktg(i+pl(i-tc^ k (Q) ■ At the last ste P of the algorithm, we find the set Q' = Q s C Q such 
that Q' is (Pi, /9 2 ) -connected of degree k and such that D k (Q') > D k (Q). Thus Q' has the 
properties 1) and 3) of the Theorem. Let us prove 2). Using (32), we obtain 

Sdlog d+k(d~l) log k-DjJQ) , , 

\Q'\ > (1 - 02) s m > m ■ 2 *iog(i+/3i(i-40) tos(i-ft) _ 
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This concludes the proof. 

We shall use Theorem 3.3 in the next section. 

4. On large subsets of sum of two dissociated sets. 

Let H = (hij) be a matrix of the size x x y, x < y. By per if denote the permanent of 
matrix H. Recall that 

per H = ^2 h ia(i) ■ ■ ■ h xa(x) , (33) 

where the summation in (33) is taken over all injective maps a : [x] — > [y\. We need in a 
well-known Frobenius-Konig's Theorem on nonnegative matrices (see [25]). 

Theorem 4.1 Let p and r be positive integers, r < p, and let H be a nonnegative matrix 
of size px r. Then the permanent of matrix H equals zero iff H contains a zero matrix of size 
p — S + 1 X s. 

Using Theorem 4.1, we prove a simple lemma. 

Lemma 4.2 Let p and r be positive integers, and let H = (hij) be a nonnegative matrix 
of size p x r. Let also 

1) For all i G [p], we have Ylj=i hij — 2- 

2) For all j G [r], we have Y7i=i hij > 1; an d, finally, 

3) U , v; ; h,, ■>,, 

Deleting from H all columns such that Y7i=i hij = I, we get matrix H Q . Then the permanent 
of H does not equal zero. 

Proof. Let the number of j such that Y7i=i hij = 1 equals e. Without loss of generality we 
can suppose that the matrix H was obtain from H by deletion of the last e columns. Let 
Hq = (h®j), i = 1, . . . ,p, j = 1, . . . , r — e = r . Applying condition 3) of the Lemma, we get 
Sf=i Sjli h^j = 2p — e. Using condition 2), we obtain ro < p. Suppose that our Lemma is 
false. If the permanent of H Q equals zero then by Theorem 4.1 the matrix contains a submatrix 
of the size s x t, s + 1 — p + 1. Using permutations of rows and columns, we can suppose that 
H is 

H = ( Y ) ' 

where zero matrix has the size s x t, s + t — p + 1. Denote by s\ the number of % G 
{p — s + 1, . . . , p} such that Yl^Li h®j = 1, and by s 2 the number of i G {p — s + 1, . . . , p} such 
that Y^'-Li h^j > 2. Clearly, si < e. By 2), we obtain s = si + s 2 . Using condition 1) of the 
lemma, we get 

p r t p p r 

2p-e = J2J2 h °ij-J2J2 h l + Yl J2h° i j>2t + s 1 + 2s 2 = 2t + 2s-s 1 = 2p + 2-s 1 . 

i=l j=l j=l i=l i=p—s+l j=l 

The last inequality implies s\> e + 2 with contradiction. This completes the proof. 

Let p be a positive integer, A C F 2 be an arbitrary set, A G A(2p), and £ = {E\, . . . , E 2p } 
be a tuple of subsets of A. In the proof of Proposition 2.7 we estimated the number of solutions 
of the equation 

AH h A 2p = 0, where \ G E i: i = 1, . . . , 2p . (34) 

To calculate the number of such solutions, we used Lemma 2.2 — a simple corollary of Holder 
inequality. In the proof of the main result of this section — Theorem 4.10, we need in a more 
delicate result on the number of solutions of equation (34). 
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Lemma 4.3 Let p a positive integer, A C F£ be an arbitrary set, A G A(2p), and £ = 
{Ei,...,E2 P } be a tuple of subsets of A. Suppose that we have a partition of the segment 
[2p] onto r classes C±, . . . ,C r . Let S* C [2p] be an arbitrary set, and S* = [2p] \ S. Let also 
M(S*) = (m 
solutions of the equation 

Ai + 

does not exceed 



be a matrix of size p x p, = \Eif]Ej\, i G S, j G S* . Then number of 
+ ^2 P = 0, where Aj G E iy i — 1, . . . , 2p (35) 



£ per M(S*), (36) 

S*C[2p],\S*\=p 

and the summation in formula (36) is taken over all sets S* such that S* contains an element 
from any class Ci such that \Ci\ > 2. 

Proof. Denote by Z the number of solutions of equation (35). By assumption the set A 
belongs to the family A(2p). Hence if (Ai, . . . , A 2p ) is an arbitrary solution of (35) then any 
Aj, % G [2p\ appears even number of times in this solution. Thus (see proof of Proposition 2.5), 
we get 

^ e nn«. 

K,K={K U ...,K P }, [2p]=K 1 U-\JK P j=l aeK, 

The summation in (37) is taken over families of sets /C, /C = {K 1 ,...,K p }, 
Ki U ' " U Kp sucn ^ na ^ f° r an y 3 e \p]i we nave = 2- Let us prove that 



Z x . 



(37) 



Zi< perM(S*), 

S*C[2p],\S*\=p 



(38) 



and the summation in formula (38) is taken over all sets S* such that S* contains an element 
from any class Ci such that |Cj| > 2. Clearly, 



E 



n 



K,IC={K U ...,K P }, [2p]=XiU-U^ i =1 



n 



< per M(S*) 



(39) 



S*C[2p],|Sf|=p 



Indeed if a; is a summand from the left hand side of (39) which corresponds some partition /C 
then x is present in the right hand side too. To see this let S* be the set of all first elements 
of Kj, j = 1, . . . ,p. Let a is any of such numbers, a G Kj. Then there is quantity \E a f] Ep\ 
with (3 G Kj in the right hand side of (39). Taking a product of such quantitaes, we get x. 
Further if y is an arbitrary summand from the right hand side of (39) then it is easy to form 
a partition /C which corresponds to the y. 

If x is a summand from the left hand side of (38) which corresponds some partition K, 
and we shall find a set S* such that for all j G [p], we have \Kj P) S*\ = 1 and such that S* 
contains an element from any class Ci with restriction \d\ > 2 then we shall prove (38). Let 
H = (h^s) be a nonnegative matrix p x r such that any element h^s of H equals l-fCy^C^. 
Clearly, for all 7 G [p], we have J2s^"yS — \K~f\ — 2 and Y^ 7 s h y s = X) 7 I -^7 1 = %P- Since the 
sets Ci, . . . ,C r form a partition of the segment [2p], it follows that for all 5 G [r] the following 
holds y^ 7 h y s = \Cs\ > 1. Using Lemma 4.2, we obtain that the permanent of the matrix H 
does not equal zero. Hence Hq contains a diagonal of nonzero elements. Let the size of Ho 
be p x vq. Without loss of generality we can assume that the matrix Ho is formed by first ro 
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columnes of H . Then nonzero diagonal H is (71, 1), ... , (7 ro , r ) and for any i G [r] there is a 
number ctj G i^ 7j such that G C« and |Cj| > 2. Let us add elements cti, . . . , a r into the set 
5*. Besides let us add the first elements of all K y , 7 ^ ji, . . . , ^y r in S*. It is easy to see that 
S* contains an element from any class C{ such that \Ci\ > 2. This completes the proof. 

Note 4-4 Lemma 4.3 gives us an upper bound for T p (E 1 , . . . , E 2p ). This estimate implies 
(up to constants) the bound z^n^U 1-^al 1 ^ 2 for T p (Ei, . . . ,E 2p ), which can be derived from 
Lemma 2.2. Indeed for any sets A and B, we get 

\Af]B\ < mm{\A\,\B\} < \A\ 1/2 \B\ l/2 . (40) 

So any summand in perM(S'*) does not exceed n«=i l-^a| 1//2 - We have exactly p\ of such 
summands. Thus by Lemma 4.3, we obtain that T p (Ei, . . . , E 2p ) < 2 2p p\ Y\a=i I-^qI 1 ^ 2 - 

Lemma 4.5 Let So > be a real number, r,p be positive integers, p > 2Sq + 3, r > p — Sq. 
Let ti, . . . ,t r be a sequence of natural numbers such that tj > 2, j — 1, . . . , r and Y^j=i tj = ^P- 
Let also T = maxj £ [ r ] tj, and ctj = \{j G [r] : tj > T — i}\, i = 0, 1, ... ,T — 2. Let z be a 

nonnegative number such that J2t=o a i — P < J2t=o a i> an d ^ Qz = P — YllZl a %- Then the 
quantitaty 

tt(*i, . . . , t r ) := T a °(T - l) ai ...(T—(z — l))"- 1 ^ - z)^ 
does not exceed 2 3p max{ 5q S ° , 1 } . 

Proof. Suppose that So > 1. It is easy to see that the sequence ao, cti, . . . , cit- 2 is non- 
decreasing and X^^o 2 a i = Sj=i = 2p- Using the condition Y^j=i tj = %P one more and 
inequalities r > p - S , tj > 2, j G [r], we get T + 2(r — 1) < 2p and T < 2S + 2 < 4S . 
Suppose that ao — • • • — a z-i — q z — 1- Then p = YllZo a i + Q — z + 1- O n the other hand, 
there are exactly T — 1 numbers Hence z does not exceed T — 1 and we get inequality 
p <T < 2Sq + 2 with contradiction. Thus either a z _i > 2 or > 2. 

Let 7r* be the maxiamal value of the function n(ti, . . . , t r ) such that all tj satisfy 

f 1 + ■ • ■ + U = 2p, tj>2, r>p-S . (41) 

If (41) holds for a tuple ti, . . . ,t r then we shall say that this tuple is admissible. Let tc* = 
Tr(ti, . . . , t°). Without loss of generality we can assume that t? > *° > • • • > We have that 
either a z _i > 2 or q z > 2. Suppose that t® > 3. Then we can consider an admissible tuple 
ti = t? + 1, t 2 = t? - 1, h = t% . . . , t r = t° r . Clearly, tt* = tt(*?, . . . , t° r ) < 7r(fi, . . . , t r ). Whence 
t° = 2 and tt* < T T 2 P < 2 3p ^ 5 °. 

Now suppose that S < 1. In the case we have T < 4. Using a trivial estimate 
7r(ti, . . . , t r ) <T P < 2 2p we get the required result. This completes the proof. 

Let k be positive integer, k > 2, and A 1? A 2 C F2 be arbitrary disjoint sets such that 

Ai I I A 2 belongs to the family A(4k). Let also Q be a subset of Ai -j- A 2 = Ai + A 2 . Define 

the sets D(X) = D\ and Q(X) = Q\, A G Ai (see proof of Proposition 2.7). Let A G Ai and 

D(X) = { X' : A + A' G Q, X' G A 2 }, 

Q(X) = {qeQ : q = X + A', A' G A 2 } . 

Clearly, Q(X) = D(X) + A. Let Si be a number of nonempty sets D X - Let these sets are 
D Xl , . . . , D Xs . We shall write Dj instead of D Xj - Let also s 2 = |A 2 |. Obviously, Q C 
{Ai,...,A s } + A 2 . 

Proposition 4.6 Let M > be a real number, p be a positive integer, p > 5, and 
Ai,A 2 C F2 be arbitrary disjoint sets from the family A(4p). Let also Q be a subset of 
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A1 + A2, \Q\ > m&x{2s 2 p,2 s s 2 pM 8 }, 5 = max{(plog(2eM))/ log(|Q|/(s 2 p)), 1}, and X = 
max{5o 5o ,l}. Then 

r=p-r5ol V 7 \SC[si],|S|=r aeS \/3eS / / 

Proof. Let m = Consider the equation 

9i + • • • + q* P = , (43) 

where qi G Q, i = 1, . . . , 2p. Denote by a the number of solutions of equation (43). Since 
Q C A x + A 2 , it follows that for all q e Q, we have g = Ai + A 2 , where Ai G A 1; A 2 G A 2 . 

Let ii, . . . , i 2p G [si] be arbitrary numbers. By ov, « = (ii,i 2 , . . . , i 2p ) denote the set of 
solutions of equation (43) such that for all j G [2p] we have the restriction qj G D(Xi j ), 
Xi J G Ai. By assumption the set Ai |J A 2 belongs to the family A(4/c) and Ai f] A 2 = 0. Hence 
if (gi, . . . , q2 P ) G is an arbitrary solution of (43) then any component of vector i appears 
even number of times in this vector. We have 

^< E 5>?i- ( 44 ) 

Af,Af={N u ...,N r }, l2p]=N 1 \_i-\JNr ieAf 

The summation in the right hand side of (44) is taken over families of sets A/", Af = 
{Ni, . . . , N r }, [2p] = Ni\_\ - ■ - \_\N r such that for all j = l,...,r the cardinality of Nj is 

an even number and \Nj\ > 2. Let Nj = {uf\ • • • , a^,}, j = 1, . . . , r. By definition % G Af if 

for all j G [r] the following holds % u) — ■ ■ • — i <j) and for any different sets Nj x , Nj 2 from the 

a i a \ N j\ 

partition Af, we have i a ^ ip, where a is an arbitrary element from Nj 1 , and (3 is an element 
from Nj 2 . 

By r = r(Af) denotes the number of the sets Nj in the partition Af. We have 



p-\5 ~] _ p 

a = E E En + E E £i°*i = *i+*2. (45) 

r=0 M,r{N)=r i e tf r=p-\5 ~}+l Af,r(Af)=r fetf 

Let us estimate the sum o\. Let q be an arbitrary element of the set Q. Using the condition 
Ai P| A 2 = and dissociativity of A, it is easy to see that the sets Q(X) are disjoint. Hence 

£>(A)|= £|Q(A)|=m. (46) 
AeAi AeAi 

For any A G Ai, we have \D\\ < s 2 . Let x > 1 be an arbitrary number. Using formula (46), 
we get 

E \d(x)\ x = E igw ^ E = s ^ m - ( 47 ) 

AeAi AeAi AeAi 

Let = {ij}je[2p\- Applying Lemma 2.2 and inequality (47), we get 

p- r<5oi p- r<*oi 

E E ElU^'f E E ^'EIH^i- 

r=0 A/", r(Af)=r i^Af ae[2p] r=0 M,r(N)=r i^f aeS ? 
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Note that if the lengths of the sets Nj are fixed then the set does not change after any 
permutation of these sets. Let tj = \Nj\, j = l,...,r. Using inequality m > 2s2P, the 
definition of the quantity 5 and identity (46), we obtain 

P-|" 5 <)1 icy \ i , P-\$o] , x r 

-><P* E E 7T(i \s *T m " £ E (7 ) £ 

< 2e^4 ( P ' S " = 2Sp»m> (**) "° < ^ . (48) 

Thus partitions A/" with small number r(AT) make a small contribution in T p (Q). At the second 
part of the proof we consider partitions M with large number of the sets Nj. 

Let us estimate the sum a 2 . Consider the sets D ii: . . . , A 2p - Let Cj = Nj. So we get a 
partition of [2p] onto the sets Cj. Using Lemma 4.3, we obtain 

^ 2 < E E El E per M ? (S*) j . (49) 

r=p-r5ol^,r(jV)=r feAf \S* C [2p] , 1 5* | =p / 

By Lemma 4.3 the summation in formula (49) is taken over all sets S* such that S* contains 
an element from any set Nj. Further let M^(S*) = (m a p) be a matrix of size p x p, m a p = 
I Ac, D A^|, a e /3 e 5*. Let M4be a matrix of the size rx2p, = (\D a f]D i0 \) aeS ^ e [ 2p ]. 
Using formula (33), we get 

per M,(S*) < I E I A„ fl D h I I • P er M l • ( 5 °) 

Applying the last inequality and a trivial estimate \D\\ < s 2 , A G Ai, we have 

perM ? (S*) < j E A» E ^» I ' P erM ? ^ P p_r ^" r perM4. (51) 

Using (33), it is easy to see that 

per Ml < ir(ti, . . . ,t r ) [ElAfl^l > 

where the quantity n(ti, . . . , t r ) was defined in Lemma 4.5. Using the bound for n(ti, . . . , t r ) 
from the lemma and inequalities (49), (51), we get 



a 2 <2*max{aa* 1}. £ ^ ^ E Y.Vi\Y.\ D ^ D M ■ 

r=p-[6 -} Af,r(Af)=r i £ M a ^ \peS* J 



If we make a permutation of components of the vector i by different parts Nj of our partition 
Af then the set does not change. Besides, if the lengths of sets Nj are fixed then the set 
does not change after any permutation of these sets. Hence 

(7 2 <2*max{^,l}. E E n^TT^! r! ' 

r=p-\6 '\ *i+-+t r =2p 1 r ' 
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E II { E \ D « Pi ^l) ] < 2 5p max{ 5^, 1 }P 3P -S p r 

K SC[ sl ],\S\=r aeS V/3G5 / / 

P 



•e i • e n ei^d^i ■ < 52 > 




Combining inequalities (48), (52) and formula (45), we get inequality (42). This completes 
the proof. 

To prove Theorem 4.10 we need in a combinatorial lemma and a well-known lemma of E. 
Bombieri (see e.g. [27]). 

Let p be a positive integer, and Ai, . . . , A p be a sequence of sets such that any two of 
them Ai and Aj either disjoint or equals. By p denote the number of different sets among 
Ai, . . . , A p . Let the set A\ appears in the sequence A±, . . . , A p exactly l± times, A\ — exactly 
I2 times, . . . , A* exactly l p times. 

Lemma 4.7 Let w be a positive integer, 2 < p < a, ( G (0, 1] be a real number, and 
Si,...,S q be some different sets, \Si\ = p, Si = {sf \ . . . , s^}, i = l,...,q. Let also for all 
i G [q] and for all sets S it we have G Aj, j — 1, . . . ,p. Suppose that 



P f'™,,^ I A*\ni \ A*\ n P 

^ n lo\ , m!...nJ 

w =Kp1 n H \-n p =p-ui,ni<li ^ 

Then there are sets S ni , . . . , S Uw from the sequence Si, . . . , S q such that for an arbitrary I = 
2,...,w, we have | ((jjl! S ni ) f| S ni \ < (p. 

Proof. We use a greedy algorithm. Let S ni = S±. Suppose that sets S ni , . . . , S^^ have been 
constructed and find S ni . Let Ci = [_}\Z^S ni . Clearly, \C{\ < wp. Let C\ = C*\_\ - • - \_\C*, 
where C* C A*, i — 1, . . . , p. Let also ai = \A*\, Ci = \C*\, i — 1, . . . , p. The number of sets E 
belong to A\ |J • • • |J A* \E\ — p and such that \E f] Ci\ > (p does not exceed 

> > > l' Cl V..r C " IX 



E E E 

tt>= fCpl mi ~l Ym p =uj,mi<Ci n\-\ \-n p =p— u>, rii<min{a; — Cj,/,} 



mi J \m 



»p 



ai — Ci \ ( a p ~ c p\ < ST^ c™ 1 . . ■ c p " ^ a" 1 . . . a/ ^ 

ni ) \ n J ~~ ^ ^ ^ m\\...m \ n\\ . . .n D \ 

' \ P / ui=\Cv\ m-iH \-m„=u> niH hn =p-uj, n t <L 1 1 



(cH h c p ) y-v 



a? 1 . . . a c 



< > \ _i < 



cj! 14 — ' nil . . . n \ 

w=\C,'p~\ niH Yn p =p-LU,n i <l i 1 

< A (^T_ ar...o? _ ^ 

~ 4^, ^ ! ^ , ni!...nJ ^ 

w=fCp] «iH \-n p =p-ui,ni<li r 

By assumption g > 2<j*. Hence q > w and, consequently, q — (I — 1) > q — w > a*. Thus 
there is a set S ni from Si, . . . ,S q such that does not equal S ni , . . . , and such that 
KLti r\Sni\ < CP- This completes the proof. 
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Lemma 4.8 (Bombieri) Let q be a positive integer, X > be a real number, B be a finite 
set. Suppose that Bi, . . . ,B q are subsets of B such that \Bi\ > X\B\. Then for all t < Xq there 
are different positive integers j±, . . . , j t G [q] such that 



Theorem 4.9 Let K, 77 > be real numbers, rj e (0, 1/2], p be a positive integer, and 
A C F2 be an arbitrary set from the family A(4p). Let also Q be a subset of A -j- A ; K* : = 
max{l,X} ; p > 2 30 K*/r], and 

W) > ■ (53) 



Suppose that p < log |A|/ log log |A| and 

/log(2 30 (K^ 

|U<nW Albino- I A I P V r, I . '. 



\Q\ > 2 60+ l(^) 1 V|A| -max^ (2 30 (K*) 1 V) r ' P |Ariog|A|,exp ( \ 'J* logp 



log( 



A"* 



Then there are sets A, £[, . . . , A, C' h from A such that A P) C'j — 0, A+ A C Q, i — 1, . . . , /i ; 

> brfapSto > J_ fJOLV (54) 



2 10 log(2 20 ir*)' 1 41 - 2> 2 V(^*) 9 |A| 
(A + A) D(A + =<b,i,j = l,...,h,i^j and 

\Q\ 



\ Q n ((a + a) u • • • Lk^ + o) 1 > • (55) 



7/p an arbitrary and 



'°Kl6(^W. ) - 220 ,Og(2l0A '* ),OSP ' ^ 



inen inere are sets A, A> • • • j £/u £fc / rom A satisfying (55) and such that 

i £ ,i>^ { 2-^, 2 -io g (A) } , > _i_ (_|_y /2 . (57) 



Aote ^.10 If X = 0(1) e.g. X < 1 then inequalities (55), (57) hold if we have more weaker 
bound than (56), namely \Q\ > 2 60+ f (K*) 17 p 3 \A\. 
Proof of the theorem. Let m — \Q\, (3i = 1/4, (3 2 = 1/2- Let also 

(2 27 (^) 1 Vr|Ariog|A|,exp \ ' l2 L^ ^ 

Since T p (Q) > p 2p \Q\ p /K p , it follows that D p (Q) > p\og(p/K). Using Theorem 3.3 with 
parameters d = 2 and C — 1/8, we get {(3\, /3 2 ) -connected set Q± C Q of degree p such that 
mi := |Qi| > m/(2K 9 ) and T P (Q 1 ) > p 2p m p /K p . Let a = |"|A|/2"|. We have 



E E Qi(Ai + A 2 ) = 2^'_ i 2 )|g 1 



(58) 



ACA, |A|=a AiGA, A 2 GA\A 
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Using (58), it is easy to see that there is a set A C A, |A| = a such that \Qi f](A + (A \ A))| > 

Wa-i 2 ) OaT* = 2m iRPFT) ^ mi / 2 ' Put Ai = A, A 2 = A \ A and Q 2 = Q 1 f|(Ai + A 2 ). 
Certainly, we can find a set Q 3 C Q2 such that Q 3 = \m\/2\. Let m 3 = \Qz\. Since the set 
Qi is (/3i, /3 2 ) -connected of degree p and C = 1/8, it follows that 



W 3 )>2-«'(^)\ Wl )>^ 



(VIC 



Using notation of Proposition 4.6, taking M = 2 7 K and applying this Proposition to the set 
Q3 Q Ai + A 2 , we get 

r=p-r«Sol Vr Z/ \SC[si], |S|=r aeS \/3eS // V 7 

Recall that the quantity 5o equals 5o — max{(plog(2eM))/ \og(\Qs\/(s2p)), 1}, and the number 
X is max{ Sq S ° , 1 }. If m > M or m satisfy (56) then <5o < max{(plog(2 10 i ; r))/(2 logp), 1} < 
p/2 and X l ' p < 2 S K. Let #i = 2 13 KX 1 / p < 2 21 K 2 . Suppose that either m > M or m 
satisfy (56). Then m 3 > 2K 1 p\A\. Using the last inequality and (59), we obtain that there is 
a positive integer pi e [p — |~5o~|,p] such that 



m? 1 



e n Ep-n^i ^- ( eo » 



Let S 1 C [si] be a set, j^j = pi, and a G 5 be an arbitrary element of the set S. Let also 
e = 1/(16X1). If M < 1/2 then X = 1, and by inequality p > 2 30 K*/r], we get £ > 1/pi. 
Suppose that M > 1/2 and either m>Morm satisfy (56). In the case the inequality e > 1/pi 
can be derived from the condition p > 2 30 K*/i]. A slightly more accurate computations show 
that in the both cases, we have e > 16/(r)p). Define the sets 

G s , a = { x e D a : E d p( x ) > £ Pi}- 

/3G5 

In other words, Gs, a is the set of x from D a such that x belongs to at least ep\ the sets Dp, 
PES. We have 

E fl = E ^) E ^) = 

= E Da(x)J2Dp(x)+ E ^(^E^) <Pi\Gs,a\+epi\D a \. (61) 

ieG s , a /3es ^G SiQ pes 

Let 5 be the family of sets S, S C [s^, j^l = pi such that for any S £ S there is a G S such 
that |C5 jQ ,| > e\D a \ and |D a | > em 3 /s2- Let also 5 be the family of sets from S, S C [si], 
IS'I = pi do not belong the family S. Let us prove that 

-.-EnfEi^rWUiSr- 

5e5 "GS V/3G5 / 
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Let Y(S) = {aeS : \G s , a \ < e\D a \}, and Y(S) = S\ Y(S). Using (61), we get 

SeS aeY(S),\D a \<em 3 /s 2 V/3eS / aeY(S) \f3<=S / 

s£ e ( f if i )' mi - n<w)< 

2=0 sc[ Sl ],|s|= Pl ,|r(s)|= Pl -j v 2 7 aey(s) 

<£(^)W-<( si - ( r- i) ) e rn^is 



«=0 x " 7 x y S'C[si],|5'|=pi-/ aeS' 

Pi / \ * I 1 P 1 



Pi! 



Pi 

777 

= 2{4e) Pl e Pl m Pl < 2 ipi ~ 1 e Pl m pi - :; 



2X[ 

and inequality (62) is proved. Hence 



pi 



Consider the case p < log |A|/ log log |A|. Let u = [logs 2 ], and A^ = {a e [si] : 2 J ~ 1 < 
I A* I < 2 J }, j = l,...,Uo. Applying inequality E^ aGAl \D a \ < m, we derive that |A^^| < 
2m2~K Let . . . ,j Pl ) be a tuple from [woF 1 . By p = p(ji, . . . ,j Pl ) denote the number of 
different j t in (ji,---,j pi ) and let an element j* appears in the tuple exactly l\ times, an 
element j\ appears exactly I2 times, . . . , and an element j* appears exactly l p times, and all 
elements j*, . . . , j* are different. We have 

^ < E pi 1 n \ D °\ = ^tE E s m ■ ■ ■ s m\ d ^ 1 • • • 1 a* 1 = 

St* «es Pl - ses ai ,..., api — different 



pTE E 



"0 j 

X 



^— -/ 7 1 7 1 

ses ji,...j n =i i " " p ' 

x E S(a 1 )...S(a Pl )\D ai \...\D api \. (64) 

aiGAOi),...,ap 1 eA (j pi ) ,Qi,...,a P1 — different 

Using formula (64), we obtain that there is a tuple (ji, . . . , j Pl ) such that 

h\...U. mP 



e ma 

5={s( 1 ),...,s(pi)}, sOOeAO) "GS 



V- '"-3 

- pf< '4^r 



By the definition of the sets A^\ we get 

Zi!...L! m; 



pi 



an ■= \f S G S • S = is (1) s (pi) l s (j) e A (j) ll > — ' ' ' lp ' ^_ 

q . . Z \s ,...,s I, s fcA || ^ ^1^1^+...+^ 4K pi 
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Using Dirichlet's principle, we obtain that there is a G [si] such that 

7 J 7 I m Pl 



pi 



Let = K^ l \ i = 1, . . . ,pi, and A* = A^t \ i = 1, . . . , p. We want to apply Lemma 4.7 
to the sets Ai, A* with parameter w = \\.og(ms/ S2) / (e 2 pi l°g(2 6 /^ 2 ))]- Since m > M and 
m 3 > m/(8K 9 ), it follows that 

1 u 1 w=fCpil ™H \-n p =pi-w, rn<li 

(65) 

Indeed, by assumption m > M > P1WS2. Hence 



pi 



(piiu) w 



^ ^ u\ ^ , m! . . .n p \ ~ 

uj =\Cpi\ n i~l \-n p =p 1 -ui,n i <li H 



<2V V ? < 2^ ( fY™ wto^-Os? (66) 



u>=rcpii 



(we used the identity l/(uj\(p — cu)\) = (^)/p! in the last inequality). To check (65) we need 
to verify inequality 

m 3 > 2 7 M ^i^ 1 m 1 -^} /pi 4 > 32 u K lW c m 1 ^ s\ /pi si . (67) 

But the last inequality easily follows from e > 16/(r/p), m 3 > m/(8K 9 ) and 

m > M > 2 44 (/l~*) 4 p|A| 1+ ^log|A|(2 27 (/l~*) 1 V) w > \A\wp ■ (s 1/pi log |A| 2 27 (K*) u p 2 )V< . 

Applying Lemma 4.7 to the sets Aj, A*, we get new sets S^, . . . , S* 6 5 such that for all 
I = 2,3, ...,w, we have |(L£1 S*) f| j < (Pi- Note that |G S . )01 | > e|D a |, i = l,...,w and 
I -Da I > em 3 /s2- Applying Lemma 4.8 with parameter t = [ew/2] to the sets Gs*, a , • • • , Gs* jQ , C 
D a , we get a set of indices %\ < ■ • • < i t from [w] such that if G* = G s * a D • • • fl G5* >Q , then 

|G*| > 1 |-D Q |/2. Let x be an arbitrary element of D Q , and F^x) = {(3 G S* : x G Z)g}. 

Clearly, for any x G Gs*, a , we have |Lj(x)| > ep\. Let = IJHi and 7 = ...,«*}. 
Obviously, \E\ < wp\. Consider the set 

Z = { x G D a : x belongs to at least different sets (3 £ E } . 

Let us prove that G* C Z. Let x G G*. Then x belongs to the sets Dp, (3 G \J ieI Fi(x). Let 
us estimate the cardinality of lj- g/ Ti(x). We have 

\\Jr t (x)\ = \ |J r^)| + |r it (x)|-|( |J Ux))f]r lt (x)\> 

iei iei\{i t } iei\{k} 



>\ |J r^l+epi-K U ^n^l^l U Ux)\+epi-(Pi>---> 



epit 
2 

ieA{»t} «eA{*t} iei\{u} 
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Whence G* C Z and, consequently, \Z\ > \G*\ > e( w t ) 1 | J D a |/2. Let Z = [epJ/4]. Then 

zc u (^n-n^)- 

ri,...,neE — different 
Thus there is a tuple of indices r x < ■ ■ ■ < r t from E such that 

\ -i / \ -i / \ -i 2 1 / 

Pi w \ i ry\ . / P\w\ I w\ em-i If m 



l J \ l J \t J 2s 2 ~ 2 8 p 2 V(^*) 9 I A 

Put d = {A ri , . . . , A n } and £[ = D ri f| • • • f| D n . Then C x f| A = 0, A + £' x CQ 3 CQ 
and 

l£l = /> ML>^™) 

1 11 " 321og(f§) " 2«>log(2»/f)' 

Now we can use an iterative procedure. If \C\ + C\\ > \Qs\/2 then we finish our procedure. 
Otherwise consider the set Q' 3 = Q 3 \ (Ci + C[) and use our previous arguments. We find sets 
£ 2 CAi, C 2 C A 2 such that C 2 f| C 2 = 0, C 2 + £' 2 CQjCQ and such that 

|r|> MT6#W , rM> 1 ( \Q\ 



2 8 log(2 12 K*)' 1 21 - 2> 2 V(^*) 9 |A 

By dissociativity of the sets A and Aif|A 2 = 0, we get (d + £i) f](C 2 + £' 2 ) = 0. If 
\Ci + C[\ + \C 2 + C' 2 \ > IQ3I/2 then we finish our algorithm. At the end we construct sets 
£1, £[, . . . , Ch, C' h such that inequality (55) holds. 

We need to consider the case when (56) holds but either estimete p < log |A|/loglog |A| 
is not true or m < M.. If inequality (56) holds then X = 1. Using (63) and a simple bound 
I I < s 2, we obtain that the number of sets in the family S is at least m^ 1 /(2Kf 1 p I l 1 s 2 1 ). 
Applying condition (56), we see that the last quantity is at least 1. Hence there is a set 5" and 
a number a G [si] such that \Gs, a \ > s\D a \ and \D a \ > em 3 /s 2 . Let 

Z = { x E D a : x belongs to at least ep\ different sets Dp, (3 E S } . 

Then G s , a C Z. We have [epi/2] > 2^ 18 ^ > 1. Put Z = min{[epi/2], [log(m 3 /s 2 )/8]}. We 
have 

ZC |J (D ri f|...f|D n ) . 

n,...,r ( es — different 
Whence there is a tuple of indices r± < • • ■ < r\ from S such that 



i^n-n^ia( [ ?yWi 



e 2 m 3 1 / m x 
~ 16*17 - 16p2 V(iT*) 9 |A 



Put £1 = {A ri , . . . , A n } and £' x = D n H ' ' ' D D n - Using the arguments as above, we get the 
required result. This concludes the proof. 

Note 4-11 It is easy to see that the bound for the cardinalities of Ci from inequality (54) is 
best possible. We give a scheme of the proof of the last statement. Let us preserve all notations 
of Theorem 4.9. Let K > 1 be a fixed constant, A x , A 2 C A, Ai f| A 2 = 0. Let QCAi + A 2 be 
a set which we will describe later, and m := \Q\. Let also |Ai| := s, |A 2 | = [mK/s]. Suppose 
that sets D a C A 2 , a = 1, . . . , s are random sets. It means that for any a G [s] an arbitrary 
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element from A 2 , belongs to set D a with probability 1/K. Clearly, with positive probability, 
we have \D a \ mj s, a — 1, . . . , s \D a f] Dp\ ~ m/(sK), a ^ f3, a, (3 — 1, . . . , s, and 



t p (q)»p 2p e nfei^nW) 

SC[s],|S|=paG5 \/3eS J 



p 2p m p 
> Kp 



Thus inequality (53) holds. Nevertheless if L\ C A 1; £ 2 Q A 2 , |£ 2 | = / > 0, L\ + £ 2 Q Q then 
| >C 2 1 < |-Dai Pi ' " D A*J ^ m / ( s -^') an d we get a bound I <C \og{m/s)/\ogK. 
Theorem 4.9 has a simple corollary. 

Proposition 4.12 Let K,r\ > be real numbers, r\ G (0,1/2], K > 1, p,d be positive 
integers, d > 3, and A C F2 be an arbitrary set, A G A(2dp). Let also Q be a subset of dk, 
|A| > 8d 2 , p > 2 50+8d K d /r] and 

W) > ^ • (68) 
Suppose that p < log |A|/loglog |A| and 



\Q\ > 2 m+50d+ lM 17 K 2d p 3 d' d \A\ d - 1 x 



?so A/fii^wi a 1*7 1^0- 1 a 1 o VT , _°: : &v lQ gp 



log(2 30 M 20 )log(^; 



log(^) 



x max { (2 M M^p)™ \A\nog |A|,exp 

where M = 2 13 (8K) d ~ 1 . Then there are sets £,£'CA and elements Ai + • • • + A^_ 2 from A 
such that Li f) = 0, Aj ^ £, 



M ^^^-i ) 1 / iqi^ y 

1 l_ 2 10 log(2 40 8 d ir c! ) ' 1 1 ~ 2 10 p 2 \2 U0 + 80d K 3d \A\ d - 1 J ' 1 j 

and 

Ai + • • • + X d -2 + C + C C Q . (70) 

Proof. Let m = |Q|, ft = 4" d , /3 2 = 4~ d + 1/y/m, and a = ri A l/<^l ■ Since 
T P (Q) > p dp \Q\ p /K( d ~VP, it follows that D P (Q) > (d - l)p\og(p/K). Using Theorem 3.3 
with parameters d and C = 2 -6 , we get (ft, /3 2 ) -connected set Qi C Q of degree p such that 
mi := |Qi| > m/(dK 2( - d -V) and > p dp m\/ K^' 1 ^ . Let also ^ = a, i = 1, . . . , d - 1 

and a d = |A| - E?=i Since l A l > 8rf2 > it follows that |A|/(2d) < a rf < |A|/d. It is easy to 
see that 

Qw=( (ni _T.: (n ' )! _ m )" 1 e a (onw +•••+«.))(*)■ mi 

Si,--,S d , \Si\=Oi, Ui=i Sj=A 

Using formula (71), we obtain that there is a tuple of disjoint sets iS , i,...,S,jCA such that 

= mirf! |A|(|A|-l)...(|A|-d + l) ^2 e mi " (72) 

Put g 2 = QiD(^i + --- + ^)- 
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Let d\ be a positive integer, d\ < d, /i,...,/^ be different numbers from [of], L = 
{li, . . . , l^}, L = [d]\L. Let also G be arbitrary elements, i G [oft], u> = (iuj 1 , . . . , iuj d ) 
be a vector, and W = {w^, . . . : w tdi }. Define the sets D{W), Q(W) 

D(W) = {J2^ ■ E^ + E^'^'}' Q(W) = {qeQ' : ? = X> + Z>> 

ieL ieL «eL j S X *eL 

Clearly, = + £ ieL w*. We sha11 write ^H* <?H instead of Q(W). By 

assumption the set A belongs to the family \(2dp). Using this, it is easy to see that the sets 
Q(W\J{h}) and Q(W{J{1 2 }), Ai ^ A 2 are disjoint. Besides, Q(W\J{1}) C Q(W). Whence, 
for all rr > 1, we have 

Ei^Uw)!* ^ i^wr'Ei^Uw)! = ( 73 ) 

A A 

Let Xi,x 2 > 1 be arbitrary numbers. Using bound (73) and Cauchy-Schwartz, we get 

E Uw)!' 1 ' 2 ^^ U{ A »r /2 < i W)r i/2 i w)r /2 • (74) 

A 

Clearly, there is an analog of formula (74) for larger number of sets Q(Wi {J{\}). 

By Q' 2 denote the union of the sets Q 2 (a) : a G Si x ... x S d _ 2 such that |Q 2 (a) I > 
|<52|/(4|5'i| . . . \S d _ 2 \). Then \Q' 2 \ > \Q 2 \/2. Certainly, we can find a set Q' C Q' 2 such that 
|Q'| = [4-<V] and such that Q' = |_| Q 2 (o), Q 2 (a) > | Q 2 1 / ( 16 1 S'x | . . . |^_ 2 |). Let m' = \Q'\. 
Since the set Qi is (/3i, /3 2 ) -connected of degree p and C = 2~ 6 , it follows that 

W) > 2 -* (£f Wl) > 21 4^;:_ 1)p . (75) 

Consider the equation 

9i + • • • + Q2 P = , (76) 

where qi G Q', i = 1, . . . , 2p. By a' denote the number of solutions of (76). Let di, . . . , dd- 2 be 
arbitrary vectors from S±x. . .x Sd~ 2 , and let v = (ai, . . . , a 2p ). Denote by <j(t?) = a(ai, . . . , a 2p ) 
the set of solutions of equation (76) such that g« G Q(di), i G [2p]. Further by Ai denote the 
family of partitions of the segment [2p] onto p sets {C\, . . . , C p }, \Cj\ = 2, j G [p]. Let also V 
be the collection of all partitions {.Mi, . . . , Aid~ 2 }, -Mi G Ai, i G [d — 2]. Clearly, the total 
number of different tuples {Ci, . . . , C p } in V does not exceed pP( d ~ 2 \ By definition a vector 
v = (di, . . . , a 2p ) belongs to V if for any j = 1, . . . , d — 2 and for all set C of partition Aij, 
C = {a,j3}, we have \ a = Xp. Obviously 

ff/ ^E E k((ai,...,^ 2 ))i = EEi^)i- ( 77 ) 

V (ai,...,o d _ 2 )eV V tTeV 



Using Lemma 2.2, we get 



l/2p 

|^)| < I 11^)1 . (78) 



Suppose that for all vectors a from Si x . 




T p (a) < — ^ , (79) 
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where M = 2 13 (8K) ( ^ 1) . By the last inequality and (77), (78), we obtain 



v (Si,...,s <J _ 2 )evi=i 

Using formulas (73), (74) several times, we get 

. p 2p v-^ „ ^ p dp m p 
v 

We obtain a contradiction with (75). Hence there is vector a from S± x . . . x Sd_ 2 such that 
inequality (79) does not hold and 

\Q 2 \ m md d 

IWI - 4\Kl~AS^2~\ - 64de d (4K) 2 ( d ~ 1 )\S 1 \...\S d - 2 \ ~ 2™ d K 2d \A\ d ~ 2 ' 

Let a = (a±, . . . ,0,4-2)- Put Aj = a*, i G [d — 2]. Applying Theorem 4.9 to the set Q(a) C 
S'd-i + S'd, we get sets £, £' such that inequalitiy (69) holds and inclusion (70) is true. This 
completes the proof. 

5. Appendix. 

In the section we prove an analog of Theorem 1.3 for an arbitrary Abelian group G. 
Theorem 5.1 Let 5, a be real numbers, 0<a<5,Abea subset of G, \A\ = 6\G\, k>2 
be a positive integer, and the set lZ a as in (3). Suppose that B C 1Z a be an arbitrary set. Then 

r»(fl)>£rlBr. 

Proof. Let r E G. Define the quantity 9(r) £ S 1 by the formula A(r) = \A(r)\9(r). We have 
aN\B\ <^2\A(r)\ = B ( r ) d ~ \r)e(-r ■ x) . 

r£B x r 

Using Holder's inequality, we obtain 



[aN\B\) 2k < 



J2 B (r)9-\r)e{-r-x) 



2k / \ 2k-l 



^2A(x)\ =NT k (B-9- 1 )(5N) 2k ~ 1 . (81) 



Let us prove a simple lemma. 

Lemma 5.2 Let f : G — > C be an arbitrary function, and k > 2 be a positive integer. 
ThenT k (f)<T k (\f\). 

Proof of the lemma. Using the triangle inequality, we get for any functions g, h : G — > C 
the following holds \(g * h)(x)\ < (\g\ * \h\)(x), x E G. By definition of T k (f) we obtain the 
required result. 

Using the last lemma and (81), we get T k (B) > T k {B ■ 9' 1 ) > ^\B\ 2k . This concludes 
the proof. 
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